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Complex Analysis

The definition of the imaginary number: The square root of a negative real number is-not
a real number. Thus, we introduce imaginary numbers :

i =/-1
Z= X + Vi

A complex number z is a number of the form \

Real part Imaginary part
BASIC ALGEBRAIC PROPERTIES

Various properties of addition and multiplication of complex numbers are the same as for real

numbers.
Two complex numbers

are added (or subtracted) by adding (or subtracting) real

number parts and imaginary coefficients, respectively. Example
X, Ty, and X; + 1y, (2 + 4i) + (5 + 3i)
(Xy Hlyy) + (Xp +1yp) = (Xg + %) + (lyy +1Y,) = 2347, =2+ 5)+(4+3)i=7+7i
(X 1Y) - (Xp +1y2) = (Xq - Xp) + (lyy - 1Y,) =242, 5
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Z) - 2y = (XX — Y1Y2) 1Y% + X Y,)
Multiplication and Division
4 _ %Xt NYs YK T4 Yo
2 2 2 2
L X tY, X, Y,

Complex Plane
The coordinate plane illustrated in Figure is called the complex
plane. The horizontal or x-axis is called the real axis. The

vertical or y-axis is called the imaginary axis.

The complex conjugate
The complex conjugate of z = x + iy is written' z and is defined

by

Im(z)

Z =X-1y

RGEZ)

z

The modulus or absolute value of z = x + iy, denoted by |z |, is the real number

1z|=/x2+y? =zz
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Polar Form of a Complex Number Y

In the polar coordinate system, consists of point O called the s % il
pole and the horizontal half-line emanating from the pole called ?
the polar axis. If r is a directed distance from the pole to P and 6 r P

Is an angle of inclination (in radians) measured from the polar I
axis to the line OP, is positive when measured counterclockwise /I

and negative when measured clockwise. then the point can:be M

described by the ordered pair (r, 0), called the polar coordinates

of P.

sin 6
X

3 T ‘
tan 6 e argz =40, where cosf=—, 5m9:£
X

2| 2|

The use of polar coordinates (r, 0) : (X, y) = (r cos 6, r sin 0) gives the polar form. For complex
number z=x + yi is

x=rcos@, y=rsmé

We see that then 7 = x + iy takes the so-called polar form
z=r(cosB+isin)

Engineering Analysis
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Example Express1--/3iin polar form.

Solution
See Fig that the point lies in the fourth quarter.

z:r(cos6+z’sin6) | Z] =JX2 +y°
r=z7=1-3i=41+3=2

- 5nr/3 /\

tané?z_f,é?zarg(z):3 \ /_

[ 5z . . 571
Z=2C0S— +1SIn—
3 3

Multiplication and Division

Supposez; = r,(cosé, +isind,)
Z, =,(cosé, +isiné,)

2,2, = hh[(cosd, cos B, —sing;sind,) +i(sin g, cos b, +cos b, sinb,)]
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for z, # 0,

;1 = rrl[(cos 6,cos 6, +sind,sind,)+i(sing,cosd, —cosd;sin b, )]
2 2

From the addition formulas from trigonometry,
2,2, = II,[(cos &, cos @, —sin@;sinb,) +i(sin &, cosb, +cosd,sinb,)]

2,2, = I,[cos(6, + 6,) +1sin(6, +6,)]

4 _ rl[COS(Ql —6,)+ism(#; - 6,)]

Z, I
| Z; |

1 1
| Z, |

| 2,2, | =] 2, | |2y,

Zy

arg(z,z,) =argz, +arg z, arg(zzl] =argz, —arg z,
2

6
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Functions of a complex variable:

All elementary functions of real variables may be extended into the complex plane. Now in
complex, S is a set of complex numbers. And a function f defined on S is a rule that,assigns to
every z in S a complex number w, called the value of f at z. We write

Function of acomplex variable: w = f ().

Therefore, complex function can be resolved into its real part and imaginary part:

Z =X+ |y, W=U-<+IV Wiscomplex, and u and v are the real and imaginary parts, respectively.

W= f(Z) =Uu (x,y) + iv(x,y) u is a real function of x and y, and so does v.

) _ v
w=f(z)
range of f
e
W
X 8 — U
(a) z-plane (b) w-plane .
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Example
Letw = f(z) = z? + 3z find u and v and calculate the value of f at z = 1 + 3i

Solution

f(z) = x* +2xyi — y* +3x+ 3yi Z=xtyl
u=x*-y*+3x and v = 2xy+ 3y
F(1+3i)=(1+3i)2+3(1+30)

=1—-9+6i+3+9i
= —5+ 15
This shows that u(1,3) = =5 and v(1,3). =-15.

Check this by using the expression for u andv
Example

Consider f(z) = z% + iz, and express it in terms of real and imaginary parts.
This is of the formw = u + iv

f(2)= x% +2xyi — y? +ix— vy

)= x>-y>-y and v = x + 2xy.

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal 24.09.2024



Limit of a Function

Suppose the function f is defined in some neighborhood of z,, except possibly at z, itself.
Then f is said to possess a limit | as z approaches a z,, written

lim f(2) =L

Z—)ZO
If, for each £> 0, there exists o> 0 such that

f(2) - L < & whenever O<|z—-25|<0.

o

z.may approach Z0 from any direction in the complex plane. This will be quite
essential in what follows.

If a limit exists, it is unique. 9
24.09.2024
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Limit of Sum, Product, Quotient
Suppose lim,,, f(z)=L, and lim,,, g(z)=L,.
@ Im[f(z)+9(»)]=L +L,
Z—17,

¥ U
- lim f(2)9(2) = LL, e
(Il) -2 {‘V{S/DZD ! ! = Y
. 4 & e
Iim f(Z) . Ll L ¢ O "*-‘_-____f l/ ;J
W 5ngz) L' x e

e —

Continuous Function

( )

A function f Is continuous at a point z;, if
lim f(2) = f(z,)

Z—>2Z¢

. J

A function f is said to be continuous on set S if it is continuous at each point of S. If a
function is not continuous at a point, then it is said to be singular at the point.

10
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Example

Consider the function f(z) = z? —iz + 2. In order to determine if f is
continuous at, say, the point zp = 1 — 7, we must find lim f(z) and f(zp).
Z—Ip

then check to see whether these two complex values are equal.

lim f(z)= lim (2 —iz4+2)=(1-4)°—i(1-i)+2=1-3i.

Z— I z—]1—1

Furthermore, for z; = 1 —1 we have:
flzo) = f(1-1)=(1 —z')g—z'{l —-1)4+2=1-3%.

Since lim f(z) = f(zg), we conclude that f(z) = 2 — iz + 2 is continuous at

I— I

the point zp =1 —1.

11
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Derivative

fatz,is

(20~ lim 1o 40~ 1(2)
7> 7

provided this limit exists.

Suppose the complex function f is defined in a neighborhood of a point z,. The derivative.of

If the limit in above equation exists, f is said to be differentiable at z,. Also,

If fis differentiable at z,, then f is continuous at z,,

Rules of differentiation

Constant Rules: dc =0, dcf (z) =cf'(2)
Z Z

Sum Rules: (;jz[f (2)+g)l=t(2)+d'(2)

Product Rule: (;jz[f (2)9(2)]1=1(2)g'(2)+9(2)f'(2)

Quotient Rule: ¢ {f(z)} _9(@0)f'(2)-f(2)9'(2)
dz| 9(2) [9(2)]°

Chain Rule: :Zf(g(z)) = 1(9(2))g'(2)

d _ .
— 7" =nz"", naninteger

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal
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Example

Z2

47 +1

Differentiate  (a) f (z) = 32*-52°+2z,(b) f (2) =

Solution (a) f '(z) =122°-152% +2

(b)f (2) = (42 +1)22—22 4 _ 47 +2§
(4z+1) (4z+1)

Example
y
Il AL
Show that f(z) = x + 41y is nowhere differentiable. S A
Solution ] _ :
With Az = Ax+ iAy, we have § !
f(z+ Az)— ¥(2)

And SO = (x +AX) + 4i(y + Ay) — X — 41y

lim f(z+Az) — T (2) —im AX + 41AY

Az—>0 AZ Az—0 AX + IAY

Now if we let Az—0 along a line parallel to the x-axis then Ay=0 and the value of above
results is 1. On the other hand, if we let Az—0 along a line parallel to the y-axis then Ax=0
and the value of above results is 4. Therefore f(z) is not differentiable at any point z.
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( )

Analyticity at a Point
A complex function w = f(z) Is said to be analytic at a point z, if f is differentiable
at z, and at every point in some neighborhood of z,,.

. J

Cauchy-Riemann Equations

Suppose f(z) = u(x, y) + iv(X, y) is differentiable at a point z = x + y.
Then at z the first-order partial derivatives of u and v exists and satisfy the
Cauchy-Riemann equations

U_N g MV (1)
oX oY oy.  OX

Proof

Since f '(z) exists, we know that f'(z) = AIimO f(z+ AAZz - 1) (2)

By writing 1(z) = u(x, y) + iv(X, y), and Az = AX + iAy, form (2)

£(z) = lim U(X+ AX, Y+ Ay) +IV(X+ AX, Y+ Ay) —u(X, y) —iv(X, y)

AZ—0 AX + 1Ay

14
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Since the limit exists, Az can approach zero from any direction. In particular, if Az—0
horizontally, Ay = 0 then Az = Ax and (3) becomes

: u(x+Ax, y) —u(X, y) | A oz +Az
P2 =1, AX @ o
|
i i VOO AX, ) = V(% Y) : |
AX—0 AX x

By the definition, the limits in (4) are the first partial derivatives of u
and v w.r.t. X. Thus

ou .oV
f'(z)="—"+i_— = Uy + vy,
(2) o 1 fl2) = ug + iv (5)

Similarity, if we choose path 77 in above figure, we let 4z —0 first and then Ax —0. After Ax
IS zero, Az = idy, so that from (3) we now obtain

Now if Az—0 vertically, then Az = iAy and (3) becomes

f (Z)— im (X y+AY) U(X Y) : iV(X, y+éy)_iv(x, y)
Ay—0 |Ay Ay—>0 |Ay

L .OU oV
which is the same as ¢ '(2) = _I+8y f’(E’,) = —fﬂy + vy,
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f’(z)=g?(+i2:/( £(z )_—2‘; g"y

Therefore, these two expressions must be equivalent. Equating real and imaginary parts, we have

that - -
cu Ov ol ov
= and
ox Oy oy ox

Cauchy—Riemann Equations

If two real-valued continuous functions u(x,y) and v(x, y) of two real variables x
and y have continuous first partial derivatives that satisfy the Cauchy—Riemann
equations in some domain D, then the complex function f(z) = u(x, y) + iv(x,y) is
analytic in D.

o We mention that, if we use the polar form z =7(cos+ismo)

and se’rf(Z) =u(r, 9)+W(?‘ 9) then the Cauchy=Riemann

equations are| | 1
U, ==V, v, =——1U,
d r 16
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Example

Cauchy—Riemann Equations. Exponential Function cu ov ot ov
Is f(z) = wix, y¥) + iv(x, ¥) = e (cos y + isiny) analytic? = ﬂﬂd ==
af — <y ¥ N, ¥y = ! 7 £ L
Solution. We have u = e®cos v, v = €* sin y and by differentiation - -
Hy — E'r COs ¥, Ily = E'r COs ¥
My = —e” sin v, vy = & siny.
We see that the Cauchy—-Riemann equations are satisfied and conclude that f(z) is analytic for all z. (f(z) will
be the complex analog of €* known from calculus.) L

Example : is f(z) = (3x? -3xy+x-3y?+2y) + i(-x? — 6xy-2x+Yy?+y).analytic or not in complex plane.
Solution  u = 3x2 3xp+x—3y*+2y  v=(-X2 — BXY-2X+Y2+y

ou s v _ ekt 2y + 1 The equations do not hold in the
o Y oy neighborhood of any point and thus
ou ov z) is not analytic at any point.
@=—3x—6y+2 5 =20 6y — 2 i

Example : For the function.f (z) = e* (cos(y) —1isin(y)), determine whether or not it is
analytic in the complex-plane: is analytic everywhere.

Solution = e*cos(y) v = —e”sin(y)
Hence ou ov
. e*cos(y) ay —e”cos(y)
Then x
ou v
@ = —e*sin(y) Pl —e”sin(y)

Cauchy Riemann equations are not satised at any point and hence f is not analytic at any point
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Laplace’s Equation. Harmonic Functions

r

\

A real-valued function @(x, y) that has continuous second-order partial derivatives in a domain D
and satisfies Laplace’s equation is said to be harmonic in D.

J

g
If f(z) = u(x, y) + 1 v(x, y) is analytic in a domain D, then u and v both satisfy in D the Laplace’s
equation:

T«’Eu=uﬂ+uyy=0
(V? read “nabla squared’™) and
V20 = v,y + vy, = 0O,

in D and have continuous second partial derivatives in D.

Harmonic Conjugate;

If u andvare harmonic in D, and u(x,y)+iv(x,y) is an analytic function in D, then u and v
are‘called the conjugate harmonic function of each other.

Such a function v is called a harmonic conjugate of u.

18
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Example 4

(a) Verify u(x, y) = x3 — 3xy? — 5y is harmonic in the entire complex plane.

(b) Find the conjugate harmonic function of u.

Solution
2 2
(a)au = 3x° —3y2,al;:6x,au:—6xy—5,al;:—6x
OX OX oy oy
o’u %

p ,+ 5 =6x—6x=0
X

2;:?;( =3x° —3y* and g=—23=6xy+5

Integrating the first.one, v(x, y) = 3x*y — y° + h(X)

(b)

and 2‘; — Xy h'(x), h'(X) =5, h(x) = 5x+ C

Thus-v(x,y) =3x°y — y°> +5x+C

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal
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Example 4

o (a) Verify u(x, y) = 2+3x -y +x? — y? — 4xy is harmonic in the entire complex

plane.

(b) Find the conjugate harmonic function of u satisfying v(0; 0) = 0.

Solution

The Cauchy Riemann equations are

du - v Jv B e
dr Ay’ Ox Ay
O Ju
— =3+ 23 — 4y, — =1 -2y —4dx
Oz E 4 dy 4 :
and
a* i .
a_.;:i m—ﬁz—-z. V2y = 0.

We can obtain a harmonic conjugate by using the Cauchy Riemann equations.

v du
— =—— =142y +4z.
O dy Ty :

Partially integrating with respect to r gives
v(z,y) =+ 2xy + 22° + g(y)

where g(y) is any differentiable function of y. Partially differentiating this expression
and using the other Cauchy Riemann equation gives
% )= =349 -1y
dy dx
Hence
gy) =34y, gly)=3y—24"+C

where (' is a constant. To satisfy ©(0,0) = 0 we need v(0,0) = g(0) = C = 0 and
thus
v(z,y) = =+ 2zy + 22° + 3y — 2°.
24.09.2024
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Exponential Function
The complex exponential function is one of the most important analytic functions

e’ = e* (cosy+1isiny)

If z=3 + 4i then
e?= e3(cos4+isin4)

For real z = x, imaginary party =0

e’ = eX (c Sy+oi/6fny) el = eX eZ is analytic for all z

1

Example 1

Evaluate el-7+421
Solution

et M2~ ol (c0s 4.2 +isin4.2)
=—-2.6873—-4.7710i

21
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General rule of the exponential functions the

The derivative of the exponential function is:
=y ! i
(e”) = e”.
Recall that the function f(x) = e has the property

ed X eb — e(CI +b)

21+29 i 831822

€
e“1e*? = ¢"(cos y; + isiny;) e ?(cos yg + i sinys).

21 €z1+22

e ("22 - €x1+$2[COS (.\;1 -+ :\;2) - isin (.\;1 - :\'2)] —

Since z=x + iy
el = e(x +iy)= eX eiy
For pure imaginary complex number where z = iy

eV = cos Y+ 1SIn y Euler’s formulais

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal
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Polar From of a Complex number

z=r(cos@+isin@) =re"

0 Substitution of 27 in
eV =cos (y) +isin(y)

elm — cofén) + i SOIJ/ZH)

eZ:ﬂ —
. - T -1
0 Substitution of y = Sm,—-and —m will yield
e'rri/2 = i e'zri = —1, e—'n'z'/2 = —i, €—7Tz' = —1.

Another consequence

e =cosy + isiny.

e”| = |cosy +isiny | = Jcosty 4+ siny =1

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal

24.09.2024

23



Trigonometric and Hyperbolic Functions.
It can be extended the familiar real trigonometric functions to complex trigonometric

functions. We can do this by the use of the Euler formulas.

e =cosx +isiny, e™™ = cosx — isinx.

By addition and subtraction we obtain for the real cosine and sine
: » _ 1 .
cos x = (e + ™), sinx = ?(E”: — e ),
I

This suggests the following definitions for complex values z = x + iy:

dnz= L -, cosz =G+ e,
Furthermore
B 8in 7 €087
mnz_msz’ cotz = §in 7
Derivatives
d . d .
—SIN.Z2= COS Z —C0SZ=-SIn Z d
dz dz —secz=secztanz —Ccscz=-Ccsczcotz
d 5 d , 4z dz
—tanz=sec” z —Cotz=-csc” z
dz dz b
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EXAMPLE
show that  cos z = cos xcoshy — isinxsinhy

E— L L
cosz=g3(e" +e ), —> 057 = %[Eﬂrﬂw + ¢ EJ'a"h%'!"':'}
= ¢ ¥(cosx + isinx) + $e¥(cos x — isinx)
= %Ley +e ¥eosx - %i{f’y — e Y)sinx.
Since we know
y -y Y _ a7y
coshy:e e sinhy:e ° " and
This yield

cos 7 = cosxcoshy — isinxsinhy
EXAMPLE
showthat | COSZ [*=€0$*X +sinh®y

From above example  .qq z=cosxcoshy — isinxsinhy

and cosh® y = 1 + sinh® y we obain

2

lcos z|* = (cos®x) (1 + sinh®y) + sin®xsinh®y.  Since ging ¥+ Wgz I = 1’

We obtain | cos z [*= cos® x +sinh? y 25
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General formula
SIN(—z) =—sinz cos(—z) =cosz
cos®z+sin’z =1
sin(z, + z,) =sinz,cos z, £ cos z;Sin z,
cos(z, =+ z,) =C€0S z,COS Z, ¥SInzSIn z,

Sin2z =2sinzcosz  C0S2zZ = COS® Z —Sin® z

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal
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Hyperbolic Sine and Cosine
For any complex number z = x + iy,

e’ —e’’ e’ +e
sinh z = > cosh z =

—Z

Additional functions are defined as

tanhz = w coth z =
cosh z tanh z
sechz=i csch z ="~
cosh z sinh z

Similarly we have

OIsinh z=.Ccosh z and dCOSh Z =Sinh z
dz dz

sin’z = —isinh(iz) , cosz = cosh(iz)

sinh z = —isin(iz) , cosh z = cos(iz)

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal
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Logarithm of complex

The natural logarithm of z = x + iy is denoted by In

Then w=1Inz Therefore eW = Z.

(Note that = 0 is impossible, since e’ # Oforallw; If wesetw = u + iv
and 7 = rew, this becomes

+1 ' 10
eV =" = 7 =re
we know that %% has the absolute value ¢% and the argument v.

These must be equal to the absolute value and argument on the right:

U
e’ =r, v =0,

u _ * —
e’ =rgives u = Inr,

o Example
— - Find all solutions z € C of of the following (express your answers in the form x+iy):

In z In r + i6 P
principal value of In z. Solution. (a) We have that exp (logz) = z. Thus

Inz=1In|zl +iArgz z = exp (logz) = exp(4i) = cos4 + isin4

28
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General Power
General powers of a complex number 7 = x + iy are defined by the formula

z-u::-‘ _ EEII’IE’

Since In z is infinitely many-valued, z¢ will, in general, be multivalued. The particular value

¢ _ cLinz
i = €
is called the principal value of z°.
Ifc=n=1,2---,thenz"is single-valued and identical with the usual nth power of z.
Ifc = -1, —2,---, the situation is similar.

If c = 1/n, where n = 2, 3,---, then

_ A/ Inz
=V =e

29

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal 24.09.2024



Complex integral
Definition of the Complex Line Inteqgral

Complex definite integrals are called (complex) line integrals. They are written

j J(=)y d=.
L

Here the integrand is integrated over a given curve C or a portion of it (an arc, but we shall say “curve” in
either case, for simplicity). This curve C in the complex plane is called the path of integration.

,f'—F/{—F
We assume C to be a smooth curve, that is, C hasa. JV{ B \
continuous and differentiable C - ,f
n—1
Z'(t) = x"(1) +iy' (1) / Sk f
. k

. . . ’c/z_
continuous on the entire interval a <t<b N -1 2 25 =
1

o0 X
Geohnetrically this means that C has everywhere a continuously turning tangent,
as follows directly from the definition

z(t + Ar) — z(0)
At

z(r) = hm
( ) At—0

Lengthof C L= f Z(1)| dt

Ja 30
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Suppose function w = f(z) is defined in domain D, C is a contour in D from point A to point B.
Divide curve C into n segmented lines, the points of division are denoted by

A=2,,2,-,2, 1,2, ,Z2,=B
z, .2, (k=212,---,n)

On each portion of subdivision of C we choose an arbitrary point, say, a point G , between z,
and z, On each segment joining z, , to z, choose a point G, ."Form the sum

n n
Let Sn = Z f (é/k) ) (Zk — Zk—l) = Z f (gk) 'Azk’ _,,J’"“"H-\
k=1 k=1 .‘V | | f_,/# B .
Let A be the length of the longest chord Az,. e C
Let the number of subdivisions n approach infinity in such yd 2,1 |
a way that the length of the longest chord approaches zero. Q /
The sum Sn will then ‘approach a limit which does not K i
depend on the_mode. of subdivision and is called the line C—‘l C_‘,ﬂ/g
. . e k-1
integral of..f(z) from A to B along the curve: | 54__ 2 % o Vs

[ F(z)dz = I|me(§k) Az, , ' ~
j f(2)dz = limp_g Y=y f (&) Az

Engineering Analysis
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First Evaluation Method

Use of a Representation of a Path
This method is not restricted to analytic functions but applies to any continuous complex.function

Existence of the Complex Line Integral

Our assumptions that is continuous and C is piecewise smooth imply.theexistence of the line
integral. This can be seen as follows.

Sy = E(H + iv)(Axy, + iAy,,)

Sy = 2(” + iv)(Ax,, + idy,,)

where u = u({ys M), U = V(s M) and we sum over m from 1 to n. Performing the
multiplication, we may now split up §,, into four sums:

Sp = D UAXp, — D UAY, +i [Euﬂ}-ﬂm + > uﬁxm] +

-~

lim §,, = | f(2)dz

Fl.—oo
o
C

~

= | udx — J'Ud}-*Jrf[J'ud}rvL J'de}.
l C

C C C
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If Z(t) = x(t) + i y(t) for t varying between a and b.

from a point z = z; to a point z = z3 in the complex plane:

22
/f(:) dz or / f(2)dz,
€ 21

z=zl{t) @<t=D>hH

represents a contour C, extending from a point z; = z(a) to a point zp = z(b)

dz

b -

10 compute ff(:)d::/ O @ dt 7 = —
4 a

dt

w(t) =u(t) +iv(t)

b b b
/ w(t)dt =f u(tr)dt +i/ v(r) dt,
a a a

b b b b
Ref w(r)dr=/ Re|w(1)] dt and Imf w(t)dr=f Im|w(1)] dt.

33
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b

f()dz = [ ()2 (t)dt

fff’ a1
The integral of f(z) along the contour C is denoted as follows:

b b
J flz(H]z(n) dt = J (u + iv)(x + iy) dt
= J[udx—uderi(uderudx)]
C
= J(udx —vdy) + fJ(udy + v dx).
Theorem 1 ¢ ¢

Integration by the Use of the Path

Let C be a piecewise smooth path, represented by z = z(t), where a =t = b. Let
f(z) be a continuous function on C. Then

b
d
(10) J fz)dz = J flz(D)z(r) di (é = —Z) :

C a
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Basic Properties Directly Implied by the Definition

1.Linearity
J[klfl(z) + kafa(z)] dz = li' f1(z)dz + sz' fa(2) dz.

C C C

2. Sense reversal in integrating over the same path, from z, to Z (left) and from Z to z,
(right), introduces a minus sign as shown

Z

J f(z)dz = —J f(z) dz.

“0 Z

3. Partitioning of path

f(2)dz = Jf(z) dz + Jf(z) dz. ,.
J;; c, C, /\bz

Further properties

If C is a closed curve, then the integral on this curve is expressed as

IFAELE
C
Steps of solution
(A) Represent the path C in the form z(f) (a =1 = b).
(B) Calculate the derivative z(f) = dz/dt.
(C) Substitute z(f) for every z in f(z) (hence x(f) for x and y(f) for y).
(D) Integrate f[z(f)]z(f) over ¢ from a to b -
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A general form we can use for straight lines Is
oft) = (1= 1)y 4t with 0< £ <1

*Examplel:
Evaluate L zdz, C: straight-line segment {from pomt 0

to point 3 +4i.
*Solution: Y
X =31,

The line equation is 0<r<li,
_ _ y =4t,
mC, z=C+4)l, daz=(3+4i)dt,

J zdz= I (3+4i) tdt — (3 + 4i) j' tdr
(3 + 41) (A) Represent the path C in the form z(f) (a = f = b).
)

2 (B) Calculate the derivative 7(f) = dz/d.
because J.dez = L (x+iy)(dx+idy) (C) Substitute z(t) for every z in f(z) (hence x(t) for x and y(¢) for y).
(D) Integrate f[z(f)]z(t) over t from a to b.

then regardless of the curve movement

to point 3+ 4

(3 + 4i)’
5
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Example
Calculate LRe zdz, where C is:

(1)straight line segment from point zero to pomnt 147 ;

(2) arc section of parabola y = x* from point zero to point 1+i ;
(3) polygonal line segment from point zero to point 1 along x axis
then from point 1 to point 1+7 .
“Solution: ) — (1 — )z + 1z with 0<t < 1
)=t+it (0LtL1),
hence Rez=17, d&=(+i)d,
1 . .
[ Rezdz = [ #(1+i)dr = ;(1 +i);

(2) parametric equation is

() =t+it’ (0<r<1),

hence Rez=t, dz=(1+2i)ds,
1 L)

ICRezdz = IO t(1+ 2ir)drt

22,
L
2 3

0

1 2.
=—+=1;
2 3
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_(3) integration path is composed by two line segments parametric equation of
‘straight-line segment along X axis is zv

2(H=t (0<t<1), hence Rez=¢, dz=dr, S 1+

pal.?ametrlc eguatlon .of straight-line segment from {,
point / to point /+iis z(r)=1+it (0<1<1), |

12

hence Rez=1, dz=1ids, y _il

o 1

1 1, 1 . |
ICRezdzzjothLL‘d’ —5, f*(t) — (l—ﬂfjl +12 with 1<t<1

Example

» X

3|2 dz

Evaluate the integral /f_,
where the contour C is the line segment with initial point —7 and final point i;
Solution  z(f) = (1 —1)z +1z with 0<t <1

(a) Parameterize theline segment by 210
=14 (14t 0<t<1, -

So that 22 = (=1 4 1)2 + 2 and dz = (1 +1) dt.

The value of the integral becomes

2 de — [ (242 : 2 ,
,L'"' d"*—_L (2t7 =2t +1)(1 + i) dt = (1 +14).

Engineering Analysis Assistant Prof. Dr. Eng. Ibrahim Thamer Nazzal
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Example Im
Let C' be the line from zy =110 29 = -1 —1.

Calculate I:/ f,|2 d>
c ¢

Solutio~

Recall E(f) = (l —T-)F:] +17 with Offi | s
)= (- +H-1-1)=1-2-it  with 0<t<]

Substitute z(¢) into the integrand. Note: % = (—2 — i)/sq multiply the integrand by (—2 — i) to get

1
I :/ =12t — it|* (=2 — i) dt.
0
(—2 —1) is a constant and can ke taking out of the integral, then further simplification yields
1 ‘ 1
I = (—‘2—1)/ (1 —2t) ) dt = —(2+i)f (1 — 4t + 5t%) dt.
0 0

Now you can iritagrace the function to obtain

ind so the final result we get is

I=(-2-0)|t—22+ 2t
49
Pdt = —= — -

r= [ pan -t
C 3 3
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Second Evaluation Method: Indefinite Integration and Substitution of Limits

This method is the analog of the evaluation of definite integrals in calculus by the

well-known Formula
b

Jf(x)fix = F(b) — F(a)

[
It is suitable for analytic functions only.
Theorem 2

Indefinite Integration of Analytic Functions

Let f(2) be analytic in a simply connected domain D. Then there exists an indefinite
integral of f(z) in the domain D, that is, an analytic function F(z) such that
F'(z) = f(2) in D, and for all paths in D joining two points zg and z1 in D we have

&) J Sf(z2)dz = F(z1) — F(zo0) [F'(z) = f(]-

(Note that we can write zg and z1 instead of C, since we ger the same value for all
those C from zg o zZ1.)

1+i

1 2 2
=—(1+ipP=-=4+=i
0 3 3 3

1+1
EXAMPLE 1 J 22d; = — 73
0

i

i
EXAMPLE 2 J coszdz = sinz = 2 sin 7ri = 2i sinh 7 = 23.097;
—ari 40

—ri
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Cauchy’s integral theorem: If f () is analytic in a simply connected region R, [and f '(2) is
continuous throughout this region, ] then for any closed path C in R, the contour integral of f

(z) around C is zero:
Im z

§C f(z)dz=0

1 First, note that if f(z)=w=u+iv then

[ﬁf Z)dz = [ﬁudx vdy +|[j]vdx+udy

Re z
then use Stokes s theorem (see below).
"] Construct 2D vectors A=ux—vy, B=vX+uUy, dr=dxx+dyy inthe xy-plane
and write the integral above as
Stokes's
Theorem
[ﬁf(z)dz= [ﬁA-d[ +i[ﬁ5-d£ = I (VxA)-2dS +i I (VxB)-2dS, but
C C C interior of C interior of C
A 2 z C.R. LS i z C.R.
cond's cond's
z(VXA)=Z-i o o __xv W7y z-(we)=z-i o 9|_ v,
ox oy oz OX ox oy oz ox oy
u -v 0 Vv u 0
= U‘jf(z)dz:o
C 24.09.2024 =
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