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Complex Analysis
The definition of the imaginary number: The square root of a negative real number is not 

a real number. Thus, we introduce imaginary numbers :

1i  

A complex number z is a number of the form

Z =   x    +    yi 

Real part Imaginary part 
BASIC ALGEBRAIC PROPERTIES

Various properties of addition and multiplication of complex numbers are the same as for real 

numbers. 

Two complex numbers

are added (or subtracted) by adding (or subtracting) real

number parts and imaginary coefficients, respectively.
Example 

x1 +iy1 and x2 + iy2

(x1 +iy1) + (x2 + iy2) = (x1 + x2) + (iy1 + iy2) = z1+z2

(x1 +iy1) - (x2 + iy2) = (x1 - x2) + (iy1 - iy2) = z1-z2
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The complex conjugate

The complex conjugate of z = x + iy is written ҧ𝑧 and is defined

by

Complex Plane
The coordinate plane illustrated in Figure is called the complex

plane. The horizontal or x-axis is called the real axis. The

vertical or y-axis is called the imaginary axis.

The modulus or absolute value of z = x + iy, denoted by │z│, is the real number
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Multiplication and Division 

ҧ𝑧 = x - iy
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Polar Form of a Complex Number

In the polar coordinate system, consists of point O called the

pole and the horizontal half-line emanating from the pole called

the polar axis. If r is a directed distance from the pole to P and θ

is an angle of inclination (in radians) measured from the polar

axis to the line OP, is positive when measured counterclockwise

and negative when measured clockwise. then the point can be

described by the ordered pair (r, θ), called the polar coordinates

of P.

The use of polar coordinates (r, θ) : (x, y) = (r cos θ, r sin θ) gives the polar form. For complex

number z = x + yi is

P
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form.polar in  31 Express i

Solution

See Fig that the point lies in the fourth quarter. 

Example 
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Multiplication and Division
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From the addition formulas from trigonometry, 
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Functions of a complex variable:

All elementary functions of real variables may be extended into the complex plane. Now in

complex, S is a set of complex numbers. And a function f defined on S is a rule that assigns to

every z in S a complex number w, called the value of f at z. We write
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Examples :

u is a real function of x and y, and so does v. 

w is complex, and u and v are the real and imaginary parts, respectively. 
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( e.g., , )

Examples :

Therefore, complex function can be resolved into its real part and imaginary part:

w = f (z).
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Example 

𝑓 𝑧 = 𝑥2 +2𝑥𝑦𝑖 − 𝑦2 +3𝑥 + 3𝑦𝑖 𝑧 = 𝑥 + 𝑦𝑖

Consider 𝒇(𝒛) = 𝒛𝟐 + 𝒊𝒛, and express it in terms of real and imaginary parts. 

This is of the form 𝑤 = 𝑢 + 𝑖𝑣

Example 

𝑓 𝑧 = 𝑥2 +2𝑥𝑦𝑖 − 𝑦2 +𝑖𝑥 − 𝑦

𝑢 = 𝑥2 – 𝑦2 – 𝑦 and    𝑣 = 𝑥 + 2𝑥𝑦.

𝑢 = 𝑥2 – 𝑦2 + 3𝑥 and      𝑣 = 2𝑥𝑦 + 3𝑦

Solution 

Let 𝑤 = 𝑓 𝑧 = 𝑧2 + 3𝑧 find 𝑢 𝑎𝑛𝑑 𝑣 𝑎𝑛𝑑 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑓 𝑎𝑡 𝑧 = 1 + 3𝑖

𝑓 1 + 3𝑖 = 1 + 3𝑖 2 + 3(1 + 3𝑖)

= 1 − 9 + 6𝑖 + 3 + 9𝑖

= −5 + 15𝑖
This shows that 𝑢(1,3) = −5 𝑎𝑛𝑑 𝑣(1,3) = 15.

Check this by using the expression for 𝑢 𝑎𝑛𝑑 𝑣
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z may approach Z0 from any direction in the complex plane. This will be quite

essential in what follows.

If a limit exists, it is unique.

Suppose the function f is defined in some neighborhood of z0, except possibly at z0 itself. 

Then f is said to possess a limit l as z approaches a z0, written

if, for each  > 0, there exists  > 0 such that 

whenever 

Limit of a Function
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A function f is said to be continuous on set S if it is continuous at each point of S. If a

function is not continuous at a point, then it is said to be singular at the point.

Limit of Sum, Product, Quotient
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Example 
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Derivative
Suppose the complex function f is defined in a neighborhood of a point z0. The derivative of

f at z0 is

provided this limit exists.

• If the limit in above equation exists, f is said to be differentiable at z0. Also,

if f is differentiable at z0, then f is continuous at z0.

Rules of differentiation

• Constant Rules:

• Sum Rules:

• Product Rule:

• Quotient Rule:

• Chain Rule:

• Usual rule
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Example
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Solution

Show that f(z) = x + 4iy is nowhere differentiable.
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Example

Now if we let z0 along a line parallel to the x-axis then y=0 and the value of above

results is 1. On the other hand, if we let z0 along a line parallel to the y-axis then x=0

and the value of above results is 4. Therefore f(z) is not differentiable at any point z.
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A complex function w = f(z) is said to be analytic at a point z0 if f is differentiable

at z0 and at every point in some neighborhood of z0.

Analyticity at a Point

Cauchy-Riemann Equations

Suppose f(z) = u(x, y) + iv(x, y) is differentiable at a point z = x + iy. 

Then at z the first-order partial derivatives of u and v exists and satisfy the 

Cauchy-Riemann equations
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Similarity, if we choose path Π in above figure, we let Δz →0 first and then Δx →0. After Δx

is zero, Δz = iΔy, so that from (3) we now obtain

Since the limit exists, z can approach zero from any direction. In particular, if z0 
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Therefore, these two expressions must be equivalent. Equating real and imaginary parts, we have 

that 
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Example

Example : is f(z) = (3x2 -3xy+x-3y2+2y) + i(-x2 – 6xy-2x+y2+y) analytic or not in complex plane.

Example : For the function.𝑓 𝑧 = 𝑒𝑥 (cos(y) − i sin(y)), determine whether or not it is

analytic in the complex plane. is analytic everywhere.

Solution 𝑣 = −𝑒𝑥sin(y)u = 𝑒𝑥cos(y)

𝑢

𝑥
= 𝑒𝑥cos(y)

Then
𝑢

𝑦
= −𝑒𝑥sin(y)

𝑣

𝑥
= −𝑒𝑥sin(y)

Cauchy Riemann equations are not satised at any point and hence 𝑓 is not analytic at any point

The equations do not hold in the

neighborhood of any point and thus

𝑓(𝑧) is not analytic at any point.

:

Hence 𝑣

𝑦
= −𝑒𝑥cos(y)

𝑢 = 3x2 −3xy+x−3y2+2y 𝑣=(-x2 – 6xy-2x+y2+y

𝑢

𝑥
= 6x −3y + 1

Solution

𝑣

𝑦
= −6x + 2y + 1

𝑢

𝑦
= −3𝑥 − 6𝑦 + 2

𝑣

𝑥
= −2𝑥 − 6𝑦 − 2
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Laplace’s Equation. Harmonic Functions

Such a function v is called a harmonic conjugate of u.

A real-valued function (x, y) that has continuous second-order partial derivatives in a domain D

and satisfies Laplace’s equation is said to be harmonic in D.

If f(z) = u(x, y) + i v(x, y) is analytic in a domain D, then u and v both satisfy in D the Laplace’s

equation:

If u and v are harmonic in D, and u(x,y)+iv(x,y) is an analytic function in D, then u and v

are called the conjugate harmonic function of each other.

Harmonic Conjugate;
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Example 4

(a) Verify u(x, y) = x3 – 3xy2 – 5y is harmonic in the entire complex plane. 

(b) Find the conjugate harmonic function of u. 

Solution 
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Example 4

• (a) Verify u(x, y) = 2+3x –y +x2 – y2 – 4xy is harmonic in the entire complex 

plane. 

(b) Find the conjugate harmonic function of u satisfying 𝑣(0; 0) = 0.

Solution 
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Exponential Function
The complex exponential function is one of the most important analytic functions 

For real z = x, imaginary part y = 0 

Evaluate e1.7+4.2i.

Solution

i

iee i

7710.46873.2

)2.4sin2.4(cos7.12.47.1





Example 1
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The derivative of the exponential function is: 

General rule of the exponential functions the 

Recall that the function f(x) = ex has the property 

Euler’s formula is cos sin ,    :  a real numberiye y i y y 
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Another consequence 

Polar From of a Complex number

(cos sin ) iz r i re    
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Trigonometric and Hyperbolic Functions.
It can be extended the familiar real trigonometric functions to complex trigonometric

functions. We can do this by the use of the Euler formulas.

Furthermore

Derivatives
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
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2
cosh

yy ee
y


 and   

2
sinh

yy ee
y




EXAMPLE 

Since we know 

show that 

This yield 

EXAMPLE

yxz 222 sinhcos|cos| show that 

From above example 

and 

Since 

yxz 222 sinhcos|cos| We obtain 

→
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zzzzzz

zzzzzz

zzzzzz

zz

zzzz

22

212121

212121

22

sincos2cos      cossin22sin

sinsincoscos)cos(

sincoscossin)sin(

1sincos

cos)(cos        sin)sin(













General formula 
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Additional functions are defined as 

2
cosh

2
sinh

zzzz ee
z

ee
z

 





z
z

z
z

z
z

z

z
z

sinh

1
hcsc

cosh

1
hsec

tanh

1
coth

cosh

sinh
tanh





Similarly we have

and   coshsinh zz
dz

d
 zz

dz

d
sinhcosh 

)cosh(cos,)sinh(sin izziziz 

)cos(cosh,)sin(sinh izziziz 

Hyperbolic Sine and Cosine

For any complex number 𝑧 = 𝑥 + 𝑖𝑦,
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Logarithm of complex

Then
Therefore

(cos sin ) iz r i re    (cos sin ) iz r i re    

principal value of ln z.

Example
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General Power
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Complex integral
Definition of the Complex Line Integral

Complex definite integrals are called (complex) line integrals. They are written

Here the integrand is integrated over a given curve C or a portion of it (an arc, but we shall say “curve” in

either case, for simplicity). This curve C in the complex plane is called the path of integration.

We assume C to be a smooth curve, that is, C has a

continuous and differentiable
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Suppose function w = f(z) is defined in domain D, C is a contour in D from point A to point B.

Divide curve C into n segmented lines, the points of division are denoted by

BzzzzzA nkk   ,,,,,, 110 

 ),,2,1(1 nkzz kk 

On each portion of subdivision of C we choose an arbitrary point, say, a point Ϛ 1 between z0

and z1. On each segment joining zk-1 to zk choose a point Ϛ k . Form the sum

1

1 1

Let   ( ) ( ) ( ) ,
n n

n k k k k k

k k

S f z z f z 

 

     

Let Δ be the length of the longest chord Δzk.

Let the number of subdivisions n approach infinity in such

a way that the length of the longest chord approaches zero.

The sum Sn will then approach a limit which does not

depend on the mode of subdivision and is called the line

integral of f (z) from A to B along the curve:

.)(limd)(
1

k

n

k

k
nC

zfzzf  




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Use of a Representation of a Path

This method is not restricted to analytic functions but applies to any continuous complex function

Existence of the Complex Line Integral

Our assumptions that is continuous and C is piecewise smooth imply the existence of the line

integral. This can be seen as follows.

First Evaluation Method
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If 
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The integral of f(z) along the contour C is denoted as follows:

Theorem 1
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Basic Properties Directly Implied by the Definition

1.Linearity

2. Sense reversal in integrating over the same path, from z0 to Z (left) and from Z to z0 

(right), introduces a minus sign as shown

3. Partitioning of path

Further properties

Steps of solution 
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Example
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Example

Solution

(a) Parameterize the line segment by
−1, 0

0, i

Evaluate the integral

where the contour C is the line segment with initial point −1 and final point i;

So that 
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Recall

Example

Solution 
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This method is the analog of the evaluation of definite integrals in calculus by the

well-known Formula

It is suitable for analytic functions only.

Theorem 2

Second Evaluation Method: Indefinite Integration and Substitution of Limits
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Cauchy’s integral theorem: If f (z) is analytic in a simply connected region R, [and f ′(z) is

continuous throughout this region, ] then for any closed path C in R, the contour integral of f

(z) around C is zero:

 
C

dzzf 0)(

     

 

C C C C C

ˆ ˆ ˆ ˆ ˆ ˆA ux vy, B vx uy, dr dx x dy y xy

ˆ ˆf z dz A dr i B dr A z dS i B z dS ,

ẑ A

      

         

 

    
interior of interior of 

Construct 2D vectors in the   plane 

and write the integral above as 

but

Stokes's 
Theorem

 

 

0 0

0 0

0

C

ˆ ˆ ˆ ˆˆ ˆx y z x y z

v u u v

x y z x y x y z x y

u v v u

ˆ ˆ ˆz , z B z

f z dz

         
  

         



        







    C.R. C.R.
cond's cond's

 

 
C C C

f z w u iv,

f z dz udx vdy i vdx udy

  

     

First, note that if  then

;

then use Stokes's theorem (see below).


